arXiv:1504.01538v2 [math.QA] 14 Aug 2016 


Quantum permanents and Hafnians via Pfaffians 

Naihuan Jing and Jian Zhang 

Abstract. Quantum determinants and Pfaffians or permanents and 
Hafnians are introduced on the two parameter quantum general linear 
group. Fundamental identities among quantum Pf, Hf, and det are 
proved in the general setting. We show that there are two special quan¬ 
tum algebras among the quantum groups, where the quantum Pfaffians 
have integral Laurent polynomials as coefficients. As a consequence, the 
quantum Hafnian is computed by a closely related quantum permanent 
and identical to the quantum Pfafhan on this special quantum algebra. 


1. Introduction 


In revealing the correspondence between the bosonic and fermionic ver¬ 
sions of the Wick formula, Caianiello introduced the Hafnian of a sym¬ 
metric matrix C of even dimension as 


( 1 . 1 ) 


Hf(C ) | ^ ' Qt(1)(t(2) dx(3)<r(4) ‘ Ccr(2n—l)a(2n) i 


crew 


where n' consists of all permutations a € such that a(2i — 1) < cr(2i), i = 
1 ,,n. It is known that the Hafnian has several properties similar to the 
Pfafhan m • We will add one more identity Hf(C) = per(H) for a closely 
related matrix A (cf. Proposition 13.71) . which appears to be fundamental as 
one notices that Hf(C) ^ y/per(C) in general. Here the permanent per(C') 
El is defined by changing all the signs to +1 in det(C), and sometimes also 
referred as the positive determinant m- 

In m, we have defined the quantum Pfafhan of an even dimensional 
matrix B = ( bij ) with noncommutative entries by 

(1.2) Pf,j r (ll) t ; ^ ^2 ( (?) ^ ^ct(1)(t( 2)^cr(3)cr(4) ^a(2n— l)<r(2n )! 
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where 1(a) is the number of inversions of a G One can formally define 
the q-Hafnian of B by replacing q by —q in (II.2|) . In general, quantum 
Pfaffians and Hafnians are polynomials with coefficients of rational functions 
in Q(q). 

Classically the relationship between Pfaffians and Hafnians goes much 
deeper than formal similarity. On the enveloping algebras of the orthogonal 
and symplectic Lie algebras, Molev and Nazarov [MNj found the interesting 
correspondence between Pfaffians and Hafnians in the study of Capelli’s 
identities. The goal of this note is to show that in the coordinate ring of 
two-parameter general linear quantum group GL riS (2n) = (a^j, (rdet r ) ±:L ), 
the quantum Pfaffians satisfy the fundamental identities (Theorems [2d] and 

m 

Pf r (H T X,-iH) = rdet r (H) 

= cdet s -i(H) = Pf s -i (AS r A T ), 

where rdet(H) (resp. cdet(H)) is the quantum row (resp. column) determi¬ 
nant of A = (aij) 2 nx 2 n and 

(1-4) Xu = diag ( J u, • " , Jy )i Jv ^ qJ ■ 


The identities in (11.31) can be viewed as a common lift of the classical 
identity between Pfaffian and determinant or Hafnian and permanent. In de¬ 
riving these identities, we have generalized the method of [JZ] to use various 
(/-forms to give a uniformed and general treatment of quantum determinants 
and Pfaffians as well as quantum permanents and Hafnians. 

We further show that there are two cases r = ±s _1 = q of GL riS which 
have a simplified quantum Pfaffian over Z[(/,g _1 ] thanks to the g-Pliicker 
relation. One special case is the usual quantum general linear group GL g = 
GL qq -i, and the other is the quantum group GL g „ c/ ~i. On the second 
quantum group both the quantum Pfaffian and Haftnian appear and 

(1.5) Pf q (A T S- q A) = Hf q (AS q A T ) = rdet q (A). 

This interesting phenomenon suggests that the quantum group GL g 
provides a context where more bosonic and fermionic identities in quantum 
multilinear algebra may be found. 


2. Quantum determinants 

2.1. Quantum semigroup *4. riS . Let r, s be two fixed generic numbers 
in the complex field C. The unital algebra A r , s is an associative complex 
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algebra generated by a^, 1 ^ i,j n subject to the relations: 


(2.1) 

Q'ikQ'il — TduCLiki 

(2.2) 

Q'ikQ'jk & Q'jkQ'ik’) 

(2.3) 

Tdudjk — S djkdiU 

(2.4) 

Q'ikQ'jl Q’jl&ik — (t 5) dn dj k i 


where i < j and k < l. The algebra A r , s is a bialgebra under the comulti¬ 
plication Ar )S —> A r .s <8> A r .s given by 

(2.5) zX(ujj) — ^ ) cijk 71 akj ? 

k 

and the counit given by e(aij) = 5ij, the Kronecker delta symbol. This 
bialgebra is a two-parameter quantum semigroup (cf. m) that generalizes 
the quantum coordinate ring of the general linear group jFRTl ILS] , which 
is the special case of r = s” 1 = q. 

The quantum row-determinant and column-determinant of A are defined 
as follows. 

(2-6) rdet r (A) = ^ (-r) z(ff) Oi i(r( i) • • • a n>(r(ri) , 

creSn 

(2.7) cdet a -i {A) = ^ (s)~ l{a) a a ^ 1)tl • • • a a{n)tn . 

creSn 

We will show that both are group-like elements (see fl2.16jl - fl2.17jl ): 
A(rdet r (j4)) = rdet r (A) <g) rdet r (A), 

A(cdet s -i (A)) = cdet s -i(A) <8> cdet s -i(A). 

In fact, we have the following result m (announced in hd- For our pur¬ 
pose, we will give a different proof using the technique of g-forms. 

Theorem 2.1. In the bialgebra A r . s one has that 

rdet r (A) = cdet s -i(A), 

and moreover, 

rdet r (7l)ajj = ( rs) 3 ~ l aijTdet r (A ). 

To prove this we introduce two copies of commuting quantum exterior 
algebras. The first one is 

A(n) = C(xi,.. .,x n )/I 

where / is the ideal ( xf,rxiXj + XjX t \l ^ * < j ^ n) and one writes x A y = 
x mod I. Then we have that 

(2.8) Xj A Xi = —rxi A Xj, 

(2.9) Xi A Xi = 0, 

where i < j. The algebra A = A(n) is naturally Z-graded by deg(xj) = 1 and 
the top degree subspace is one-dimensional and spanned by x\ A • • • A x n . 
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Assume that a^-’s commute with Xi s. We will simply write the general 
monomial element a (g> x as ax, where a £ A r , s , x £ A. Let 

n 

(2.10) Si — ^ ( QijXj, 

3 = 1 

then Si also satisfy (12.8[) - (12.9h . Therefore 

(2.11) A • • • A S n = rdet r (A)xi A • • • A x n . 

The second quantum exterior algebra A '(n) is the unital associative alge¬ 
bra C(yi,.. •, y n )/ J ! where J is the ideal ( yf,s~ l yiyj + yjyi\l < j ^ n). 
Using similar convention for x^s, the relations are 

(2.12) yj A yi = -s^yi A yj, 

(2.13) yi Ayi = 0, 

where 1 ^ i < j ^ n. The algebra A' is also Z-graded by deg(yj) = 1 
with the top degree 1-dinrensional subspace spanned by the single vector 
yi A • • • A y n . Assume that y^s commute with aij and set 

n 

(2.14) di = ^ajiUj, 

3 =1 

then di satisfy the quantum exterior relations (12.1211 - (12.13f) . Subsequently 

(2.15) d\ A ■ ■ ■ A d n = cdet s -i ( A)y± A ■ • • A y n . 

The algebra A' is a right A r , s -comodule with the coaction p : A 1 —> 
A' <g> A r , s given by p(yi) = di. The comomule identity (p <S> id)p = (id (g> A )p 
leads to the following. 

(,P ® id)/o(yi A ■ ■ ■ A y n ) 

= (p (g> id)3i A ■ ■ ■ A d n 
= (p <g> id)yi A • • • A y n (g> cdet s -i (A) 

= y\ A • • • A y n <g) cdet s -i (A) (g) cdet s -i (A) 

(id <g> A)p(yi A • • • A y n ) 

= (id (g> A)yi A ■ ■ ■ A y n (g> cdet s -i (A) 

= yi A ■ ■ • A y n (g A(cdet s -i (A)). 

A(cdet s -i (A)) = cdet s -i(A) (g) cdet s -i (A), 
i.e. cdet s -i(A) is a group-like element. 

If we put x = (xi ,.. .,x n ) T , y = (yi,.. .,y n ) T , S = (<Ji,... ,S n ) T and 
d = {di,.. .,d n ) T then 

(2.18) 

(2.19) 


(2.16) 

and 

(2.17) 

Therefore 


S = Ax, 
d = A T y, 
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where A = (). Therefore A r . s can be viewed as a set of r-linear and s- 
linear transformations preserving the quantum exterior algebras (j2.8li - (j2.9[i 
respectively. The following is a generalization of Manin’s result [Ma] for the 
one-parameter quantum group. 

Proposition 2.2. The entries of the matrix A satisfy the relations \2. 111 - 
{2.4V of the quantum algebra A r ^ s if and only if 6i = Ylj a^Xj and di = 
£ ■ a jiVj satisfy the relations I12.8\) - /12.9\) and \2.12\) - \2.1S\) respectively. 

We can now prove Theorem 12.11 Suppose that A, A' and A commute 
with each other and generate a Z x Z-bigraded algebra A = (A r , s , A, A') = 
Ar }S <8> A 0 A' with Afaj) = A r . s <8> Aj <8> A', where A, (resp. A') is the degree 
i subspace of A (resp. A'). Consider the following special linear element <f> 
in A r , s 0 A 0 Ah 

n 

(2.20) $ = ^ ajiXiyj = x T A T y e 

i,j =1 

Let Ui = xA = X/j=i a ji x i'!Jj G -^(l.i)- U follows from (12.8p ~ d2.9D and 
the commutation relations of di that 

(2.21) uii A uii = 0, i = l,...,n, 

T 

(2.22) ujj A uJi = -uii Awj, 1 ^ i < j ^ n. 

Note that = Y^i=i Using fl2.21D - fl2.22ll . we have that 

A n ^ = (E(-)' W ) w 1 A-A«„ 

O-eSn 

= [n]i!(xi A ■ ■ ■ A x n )(di A • • • A d n ) 

= [n]r!cdet s -i(A)(xi A • • • Ax n )(yi A • • • A y n ), 

where [n\ v \ = [n] v ■ • • [1]„, [n]„ = 1 + v + • • • + v n ~ l for any variable v. 
Similarly we can write with u[ = = Yl'j=i a ij x jyi- U is 

easy to see that the elements u[ satisfy the same quantum exterior algebra 
(f22D-(l222l Thus 

A n <F = [n] l \u'i A • • • A u' n 

= [n] l ! (hi A • • • A S n )(y 1 A • • • A y n ) 

= [n]r!rdet r (A)(xi A • • • A x n )(yi A • • • A y n ). 
Subsequently we get the first identity of Theorem 12.11 

rdet r (A) = cdet s -i(A). 

For a pair of t indices and ji,- ■ ■ ,jt, we define the quantum 

row-minor determinant det r (A* ('"*() as in (12.611 . Then 

(2.23) S i± A • • • A 6 it = ^2 rdet r (A* 1 i ;"**)x J1 A---Ax it , 
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which implies that det r (A l ^'"JJ = 0 whenever there are two identical rows. 
For indices 1 ^ i\ < ■ ■ ■ < it,it+i < ■ ■ ■ < i n ^ n, it is readily seen that 

S h A • • • A 6 k A 5 it+1 A • • • A S in = ^ A • • • A S n . 

Note that Xj’ s also satisfy the same wedge relations. These then imply the 
following Laplace expansion by invoking () 2.231) : 

rdet r (A) = ^ (_ r )(J 1 +-+J‘)-(* 1 +-+*t) r det r ( J 4*T;;*l )rdet r (A^+*'"®^). 

ji<—<jt 

In particular, for fixed i, k 

n n 

(2.24) rdet r (A)<5 ifc = y^ j (-r) j ~ l a ij rdet r (Ap = ^(-r)* _J rdet r (^|)a^, 

j =i i=i 


where i means the omission of i and here we use it to denote the indices 
1,..., i — 1, * + 1,..., n for brevity. 

As for the quantum (column) determinant or column-minor, we also 
have that cdet s -i(A*)”'*?) = 0 whenever there are two identical columns. 
The corresponding Laplace expansion for a permutation {i\... i n ) of n such 
that tfi 


cdet s -i (A) 


E (-s) (il+ ''' +ir) “ (jl+ ''' +jr) cd e t s -i(AT;;;^)cdet s -i(A^+ i 1 ;;j”). 

jl<-<jr 


In particular, we have that for fixed i, k 


(2.25) 


cdet s -i (A)5ik = E(~ s )* j o.jicdet s -i(Al) 
3 =1 
n 

= ^(-s)- ?_l cdet s -i(Apa : , i . 
i=i 


Like the determinant, the minor row determinant is also equal to the 
column minor determinant for any pairs of ordered indices 1 ^ i\ < ■ ■ ■ < 
it and 1 < ji < ■ ■ ■ < jt ^ n 

(2.26) rdet r (4;;;|) = cdet s -i 

Let D v = diag(u, u 2 ,..., v n ), and define the inner automorphism r of 
Mat n (A r)S ) via conjugation by D v as follows: for any C = (c t j) € Mat n (A r)S ) 

C: = D~ X CD V = {v^dj). 


Let adj(A) = ((—1)* J rdet r (Ai)) be the quantum adjoint matrix associ¬ 
ated to A. Then the Laplace expansions (I2.24I) - (I2.25I) give the first version 
of the quantum Cramer’s rule in A rtS . 
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Proposition 2.3. Over the quantum semigroup A r)S (n), one has that 

(2.27) A T r a,d](A) = adj(A)A(_i = rdet r (A)/, 

(2.28) A(adj(A))^-i = (adj(^4))gj4 = rdet r (A)/, 
where I is the identity matrix of size n. 

Using the quantum Cramer’s rule, we have that 

(2.29) A T r rdet r {A) = A T r .a,d]{A)A T s - 1 = rdet r (^4)^_i, 

therefore det r (^4) = (rsy~ J det r (A)aij, which is the second identity in 
Theorem 12.11 

2.2. Quantum group GL r s (n). The second identity in Theorem 11.31 
implies that rdet r (A) is a regular element in the ring A VtS , therefore we can 
define the localization ^.^[det^T 1 ], which will be denoted as GL riS (n). 

Although in general Af A A T _ i, this does not prevent the quantum 
Cramer’s rule (I2.27|) from giving an inverse element for A in Mat n (GL rjS ). 
In fact, (12.291) gives the following identity: 

(2.30) (rdet r (A)) _1 A)( = A^_i(rdet r (A)) _1 . 

So the quantum Cramer’s rule can be rewritten as 

Proposition 2.4. On the quantum group GL r ^ s one has that 

(2.31) (rdet r (A)) _1 y4£ • adj(A) = adj(A) • A^_i(rdet r (A)) _1 = I, 

(2.32) A ■ adj(A)^_i(rdet r (A)) _1 = (rdet r (A)) _1 adj(A)^ ■ A = I, 
or equivalently in Mat n (GL r . iS ) 

(2.33) A~ l = rdet r (A)^ 1 adj(A)^ = adj(A)^_irdet r (A) -1 . 

The second identity (|2.32l) is obtained from (|2.31|) by applying the au¬ 
tomorphism r _1 associated to D ~ 1 or D s to both sides respectively. 

By defining the antipode 

S(aij) = (—s)- 7_l cdet<.-i(A)^ 1 cdet s -i(A() 

= (—r)* _J rdet r (A()rdet r .(A) _1 

the bialgebra GL riS = A ryS [rdet,! 1 ] becomes a Hopf algebra, thus a quantum 
group in the sense of Drinfeld. In fact, AS(A) = 5(A)A = I follows from 
Proposition 12.41 therefore (id ® S) A = (S' <g> id) A = e. 

We remark that the quantum semigroup A r , s offers new identities to 
quantum multilinear algebra studied in .IZl (see m for several interesting 
identities in the classical situation; also see [TTj EHl EEWl [Zj, |G] for the 
usual quantum group GL g ). Moreover, if r,s are indeterminates over the 
field F of characteristic 0, then the quantum group A r . s can be defined over 
the rational field F(r, s), and all results in the paper hold in that situation. 
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3. Quantum Pfaffians and Hafnians 

3.1. r-Pfaffians. Let B = ( bij) be a 2n x 2 n square matrix with non- 
commutative entries, and let B be the associative algebra generated by 
bij,i < j. Assume that bij commute with the algebra A = A(2 n) gener¬ 
ated by # 1 ,..., X 2 n, and consider the algebra B (g> A. 

Let 12 = bij( x i A Xj) G B q ® A. The quantum Pfaflian Pf r (L?) 

is defined by 


(3.1) A n Q = [n} r A\Bi r {B)xi A X 2 A • • • A x 2n . 

Explicitly the quantum Pfaffian is given by m 

(3.2) Pf r (l?) T 7 y 'y ^ ( r) ^ ^b cr ^i'j rT ^2)^cr(3)a-(4) ' ' ' ^ > a{2n— l)<r(2n) i 

\n\ r i ■ ffgn , 

where II / is the set of permutations a of 2 n such that <r(l) < a{ 2),... , a{2n— 
1) < a{2n). 

In the quantum coordinate ring A riS (2n), we set for 1 ^ i,j ^ 2n 

n n 

(3.3) ^ cdet s -i(A^J _1,2m ) = ^ (a 2m -i,ifl 2 mj - s _1 a 2mii a 2m _ij). 

m=1 m =1 


The matrix B = {bij) can be compactly written as 
(3.4) B = A t S s -iA, 


where for any variable s 

(3.5) 1 1 (n) diag(J s -i, ■ ■ ■ ,J s —i), Js~^ 

'-v-" 

n 



The special case of the following result at r = s 1 = q was proved m 
under a stronger assumption using representation theory, and later obtained 
via the quantum exterior algebra m- We will derive the generalization 
under a weaker assumption. 


Theorem 3.1. On the quantum coordinate ring Ar- )S {2n) one has that 
Pf r (A T X.-i A) = rdet r (A), 
where A T S s -iA = {bij) and bij are defined by \3.3\) . 

Proof. Note that for 1 i < j 2n 

n n 

bij — y \ rdet r (A— " ) — y ^ {a 2 m—l,i& 2 m,j Xa 2 m—l,jQ' 2 m,i)- 

m=1 m= 1 

With the b^, by the quantum exterior relations of xfis it follows that the 
2-form 17 can also be written as 


( 3 . 6 ) 


Q — di A 62 + £3 A (I4 + • • • + S2n-l A d 2n 
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where 5i = J2^j=i a ij x j (® = 1) 2, •••, 2 n) and they obey (|2.8I1 and (12.91) . Sub¬ 
sequently 

(3.7) (£ 2 . 7—1 A 62 j)( 621-1 A 621 ) = r 4 (( 52 i_i A £ 21 ) (£ 2 . 7-1 A 62 j), i < j 

(3.8) (£ 21-1 A ^ 2 i ) 2 = 0. 

Therefore 

(3.9) A n H = [n] r 4!(5i A • • • A <52n = [n] r 4!rdet r (H)xi A • • • A X 2 n , 

where the last identity uses the wedge formulation of det r (H) in Ar, s ( 2 n). 
Hence det r (H) = Pf r (H). □ 

3.2. s _ 1 -Pfaffians. Similar to the r-Pfafhan, we utilize another 2-form 
to define the s -1 -Hafnian in £>. Let 

(3.10) Q' = ^ biji/i A yj, 

where yi satisfy the quantum exterior relations (I2.12|) - (I2.13I) and commute 
with bij's. The s _1 -Hafnian of B is then defined by 

(3.11) A n Q' = [n] s - 4 !Pf s -i (B)yi A • • • A ^ra¬ 
ilsing the quantum exterior relations, we have the explicit formula: 

(3.12) Pf s -l (B) t r j- 'y ^ ( S ) ^ ^£<r(l)cr(2 )£(t(3)<t(4 ) £<x(2n—l)cr(2n) ■ 

[nJs “ 4 ' *€ 11 ' 

We also have the second identity between the quantum Pfaffian and 
quantum determinant. 

Theorem 3.2. In the quantum coordinate ring ^l r>s (2n) we have 
Pf s -i(HJ r H T ) = cdeVi(H). 
where AJ r A J = (£>L) 2 nx 2 re and for i < j 

n n 

Kj = rdet r (A^ n _ 12m ) = ^ ' ( a i, 2 m—l a j, 2 m ~ ra i, 2 m a j, 2 m—l)- 
m =1 m=l 

Proof. This is proved by a similar method to that of Theorem 13. 11 In 
fact, note that the 2 -form Q 1 can be rewritten as 

(3.13) = di A d 2 + d 3 A <9 4 4-b d 2n -i A d 2n , 

where di = a j% x j{i = 1 , 2 , ..., 2 n), and <9j’s obey the quantum exterior 

algebra (12.31M2.32I) . Therefore 

A n fi' = [n] s -4!9i A • • • A 82 n 

= [n] s -4lcdet s -i (A)yi A y 2 A • • • A y 2 n, 

which implies that cdet s -i(H) = Pf s -i(iT). □ 

Since rdet r (H) = cdet s -i(H) on the quantum semigroup .A riS (2n), we 
have the following result. 











10 


NAIHUAN JING AND JIAN ZHANG 


Theorem 3.3. For i < j, let bij = X]m=i c det s -i ( A ?™ 1,2m ) and b' % - = 

Yhm=i r det r (^2m-i 2 m) Quantum, semigroup A rjS (2n), then one has 

that 

Pf r (£)=Pf,-l(5')- 

3.3. Quantum Pfaffians and Hafnians. When r = ±s _1 = q, the 
quantum Pfafhan has a simplified expression and is an element of GL g _|_ 9 -i 
with coefficients in Z[g, g^ 1 ]. The case of r = s^ 1 = q reduces to the usual 
quantum group GL g and was discussed in details in |JZ] . while r = —s _1 
gives rise to another quantum group on which both the quantum Pfafhan 
and Hafnian appear. We focus on this special case of r = —s” 1 = q. 

Let B q be the unital associative algebra generated by b^, 1 ^ i < j ^ 2n 
subject to the quadratic relations 

(3.14) bijbki qbikbji + q bubjk — b^ibij q bjibn- T q bj^bn, 

for 1 ^i<j<k<l^ 2 n. We refer them as the q-Maya relations or 
q-Pliicker relations , since the special case of q = 1 can be recast as a Young 
diagram identity connected to Maya diagrams EH]. 

First of all, using a similar method of j[JZ] we have the following simpli¬ 
fication of the quantum Pfafhan. 

Proposition 3.4. On the algebra B q , the quantum Pfaffian Pf 9 is simply 
given by 

(3.15) Pf q (B) ^ ~ ( q) ^ct(1)<t(2)^<t(3)ct( 4) ' ' ' ^cr(2n—l)cr(2 n)i 

uGll 

where II is the set of permutations a G S^n such that cr(l) < cr(2),... , a(2n— 
1) < a(2n) and <r(l) < <r(3) < • • • < a(2n — 1). 

By a direct computation as in m, the elements b lq is given in (13.31) can 
be shown to satisfy the q -Maya relations. We remark that the bij defined 
by (13.31) in the two-parameter quantum semigroup M r ,. s does not satisfy the 
quantum Maya relation unless r 2 s 2 = 1. Moreover, the quantum Pfafhan 
can also be computed iteratively as follows. A proof can be similarly given 
as in [ JZj . 

Proposition 3.5. On the algebra B q we have 

2 n 

(3.16) Pf q (B) = Vi-r/P 2 Pf',(/i;j)PIV/l 2 j 2 ;;). 

3 =2 


Let B q be the algebra generated by b' V] for 1 ^ i < j ^ 2n modulo the 
ideal generated by the (—gj-Maya relations 


(3.17) Kjb'ki + AiAjl + q 2 b'iib'jk 
where 1 ^i<j<k<l^ 2 n. 


KAj 


+ q~%K 


ik + q Ajkti 


il ’ 
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Similar to the quantum determinant and Pfaftian, we introduce the quan¬ 
tum (column)-permanent and Hafnian by 

(3.18) per q (A) = ^ ? I(<7) a ff (i),i“<T(2),2 ■ ■ ■ a ff („),n 

CreSn 

(3.19) Hfr -I j" ^ ^ Q ^ ^cr(l)cr(2) ^cr(3)(j(4) ’ ’ ’ ^cr(2n—l)a(2n)' 

[r V' o-en' 

Similar to the quantum Pfaffian, we can simplify the definition of the 
quantum Hafnian. 

Proposition 3.6. On the algebra B q , the quantum Hafnian Hf g is sim¬ 
ply given by 

(3.20) Hf q (B ) = ^ Q l{a) K(l)a(2)K(3)a(4) ' ' ' ^a(2n-l)a(2n)’ 

crGll 

where n = {cr € 52 n |<r(2* — 1) < cr(2 i), cr(l) < <r(3) < • • • < a(2n — 1)}. 
Then Hf g can be evaluated inductively as follows. 

2n 

(3.21) Hf q (B') = J2 J). 

1=2 

Moreover, when the matrix elements bO are special quadratic elements 
in GLq _ 9 -i, we can also express Hf y in terms of per (y . The following is an 
immediate consequence of Theorem 13.21 

Proposition 3.7. In the quantum coordinate ring A q _„-i(2n) we have 

Hf q (AS q A T ) = per g (A), 

where ASqA 1 = B' is given by (i < j) 

n n 

bij = P er <j(H-2m-l,2m) = ^ , { a i,2m—l a j,2m + Q a j,2m—l a i,2m)■ 
m =1 m =1 
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